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Abstract 
We define a pair of constructions of d-dimensional Z-lattices for d = 0 mod 24 from particular 
length d ternary linear codes, which supplement the construction of d-dimensional Eisenstein 
lattices (and hence 2d-dimensional Z-lattices) given by an extension of the work of Sloane (1979) 
and Conway and Sloane (1988). We show that these constructions produce all of the Niemeier 
lattices in the case of self-dual codes of length 24, suggesting, by analogy with previous work 
concerning binary codes, relevance to the classification problem of self-dual conformal field 
theories in physics. In addition, our intermediate results are of relevance to the classification of 
self-dual ternary codes of length 24. 
1. Introduction 
Recently, it has been found that the construction of even self-dual lattices from 
self-dual binary codes is of relevance in the symmetries and possible classification of 
self-dual conformal field theories [3,4]. The two relevant constructions of lattices 
from binary codes give the single even self-dual lattice in 8 dimensions, and both such 
lattices in 16 dimensions. However, in 24 dimensions, they only produce 12 of the 24 
inequivalent lattices (the Niemeier lattices). Hence, it would seem that the correspond- 
ing constructions of self-dual bosonic meromorphic conformal field theories from 
even self-dual lattices would not produce all possible theories at c=24. Thus, moti- 
vated by the desire to classify self-dual conformal field theories (for reasons to do with 
classifications of possible string theories in fundamental particle physics), we attempt 
to construct the remainder of the Niemeier lattices from some form of codes. In fact, 
what we shall do is show that they all may be derived from a pair of constructions 
applied to self-dual ternary codes of length 24 containing a codeword of weight 24 
(and further that all but the Leech lattice may be obtained from one construction 
alone). This extends the results of the constructions of Z-lattices from ternary codes of 
length 12 given by the intermediate construction of an Eisenstein lattice, work due 
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essentially to Sloane, but which we have trivially extended. Such constructions 
produce only a handful of the Niemeier lattices, since there are only 3 inequivalent 
self-dual ternary codes of length 12 [6], whereas, though the length 24 codes have not 
yet been fully classified, we shall show in the process of our arguments that there 
are many suitable codes, and in fact provide some partial results towards their 
classification. 
2. Constructions of lattices from binary codes 
We briefly describe the two constructions, i.e. the ‘straight’ and ‘twisted’ construc- 
tions, of even Z-lattices from binary linear codes given in [2]. 
Let % be a doubly-even binary linear code of length d, i.e. the weights of all 
codewords in %? are multiples of 4. Then set 
This is clearly an even lattice, and is self-dual for V self-dual. We may define another 
construction of an even lattice from V by defining 
and 
where the parity I’=(-)” for d = 8n, with 
z”, = {XEZC xQ2Z); zd = (XEP X2E2b+ l}. 
Then it can be easily verified that 
&=/l,(%)uA,(%) 
(2) 
(3) 
(4) 
(5) 
is an even lattice, and further that it is self-dual if and only if @ is self-dual. We shall 
refer to (1) as the straight construction and (5) as the twisted construction. 
The dimension of an even self-dual lattice and the length of a doubly-even self-dual 
binary code are required to be multiples of 8, and the classification of the codes of 
length 8,16,24 and 32 and of the lattices of dimension 8,16 and 24 is known, see e.g. 
[l] and [2]. (Note that the enormous number of even self-dual lattices in 32 dimen- 
sions in all probability precludes any informative classification.) There is one code of 
length 8, the Hamming code es, and one lattice of dimension 8, the root lattice of Es. 
Hence we must have AC, z &, r Es, identifying the lattice with the corresponding Lie 
algebra. In 16 dimensions, there are two codes (es @ es and d16) and two lattices 
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Table 1 
Coxeter numbers for root systems corresponding to 
the 24-dimensional even self-dual lattices 
Coxeter number Lattice 
0 
2 
3 
4 
5 
6 
7 
8 
9 
10 
12 
13 
14 
16 
18 
22 
25 
30 
46 
lC41 
code lattice 
24 
OS2 AT’ 
Fig. 1. 
(Ei and Di6 (actually the union of the root lattice of Di6 with one of the spinor cosets 
of the weight lattice)), and it is easily checked that the straight and twisted construc- 
tions interchange the corresponding structures, i.e. AC8 o e8 E D1, and & 0 es E Ei, and 
conversely for d16. In 24 dimensions, there are 9 doubly-even self-dual binary codes, 
among them the Golay code gz4. The 24-dimensional even self-dual lattices were 
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IC4I 
code lattice 
66 
30 
12 
d 24 
d,z2 
ds4 
Fig. 2. 
classified by Niemeier in 1968. Each such lattice A turns out to be uniquely deter- 
mined by its set of minimal vectors, A(~)=AEA: 1’=2}, which form root systems of 
the following types: 
where the lattice corresponding to the empty root system is the Leech lattice, A24. It 
was shown by Venkov in [lo] that \,4(2)1= 24h, where j,4(2)1 is the number of elements 
in A(2) and h is the common dual Coxeter number of the irreducible components of 
the corresponding root system, and that the rank of the root system was either 0 or 24. 
Since the algebra must be simply laced, we can then derive the above list of possibili- 
ties. We shall denote the lattices corresponding to the non-empty root systems simply 
by the root system itself. So, in order to identify which of these lattices are produced by 
the binary codes under the straight and twisted constructions, we merely look at the 
points of length squared two in the lattice. We trivially find that this gives us 
l&(2))= 16]g4\+48 and 1&~(2)1=81%‘~1, where l%Y41 is the number of codewords in 
%? of weight 4. Table 1 shows us that this is, in most cases, sufficient to identify the 
lattice uniquely. In those cases in which it is not, we can complete the identification by 
calculating the number of orthogonal components in A(2) by a simple sifting algo- 
rithm on a computer. 
We summarize the results of the two constructions in 24 dimensions in Figs. 1-3, 
where we have the codes on the left, with the values of l’Z41 noted, and the lattices on 
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IC4l code lattice 
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24 
A 24 
the right, with upward arrows denoting the straight construction and downward 
arrows the twisted construction. Since there are 24 lattices and only 9 codes, the two 
constructions can produce at most 18 of the lattices, and in fact are found to produce 
only 12. This is due to some overlap between the two constructions, which enables us 
to exhibit the results in the form of Figs. 1-3. Let us therefore consider constructions 
from ternary codes in order to attempt to obtain the remaining Niemeier lattices. 
3. Constructions of Eisenstein lattices from ternary codes 
We trivially extend the construction of the Leech lattice, given in e.g. [2] and [9], to 
a general pair of constructions of even self-dual lattices from self-dual ternary codes 
containing the codeword I=(l, 1, . . . . 1) in a multiple of 24 dimensions, and a single 
construction of even self-dual lattices from arbitrary self-dual ternary codes in a mul- 
tiple of 8 dimensions. 
Let %? be a self-dual ternary code of length d. Define the ‘straight’ construction by 
A,(@)=@+(~-W)fP, (6) 
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where the Eisenstein integers d are the ring {m+no: m, neZ}, with ce=e2”ii3. &(@) 
then forms an Eisenstein lattice (rather than a Z-lattice), i.e. it is a b-span of vectors in 
Cd. We denote the inner product on the lattice by (A, p) = J.. ji for 1, PEA,(@), and see 
that (A, J)~3iz for all &_4,(@). 
We may construct a 2d-dimensional Z-lattice AR from a d-dimensional b-lattice 
n according to the following prescription. Suppose LI has generator matrix X + i Y, 
with X, Y real (i.e. X + i Y is a d x d complex matrix whose rows ~1~) . . . , xd comprise 
a basis for /1). Then we can define the lattice & by specifying its generator matrix to 
be 
(7) 
with rows bl, . . . . bZd. Define 
0, cl> = (lb, p) + (K 1) = 2 ReV, p), (8) 
for 1, PEA. (. , . ) is a real symmetric bilinear form. Clearly bi. bj= 2 Re(ai- clj) = 
(C(i,Xj)=(wai,oorj) for l<i,j<d or d+l<i,j<2d, and for l<idd, d+l<j<2d 
bi.bj=-Re(cci.OLj)+~Im(ai’olj)=(ai,wclj). Thus, we have a map T:nR+/I 
given by 
T 
d 2d 
= C mitXi+ 1 WliCOdi_d, 
i=l i=d+l 
(9) 
such that 
P.Y=(TP, TY), (10) 
for P,YE,~~. Hence, if we restrict n to be integral (i.e. (A,~)E& for all A,PE,~), 
then p’y=2Re(Tp, Ty)gZ since (.;):A, xn,+b, i.e. AR is integral. Also 
p2 = 2 Re( Tp, Tp). But ( Tp, Tp)e& and is real, so (Tp, T~)EZ and p2~2Z. Hence, AR is 
in fact even if /i is integral. 
We thus see that &(@)^,,/fl. IS an even lattice (with a natural third order no-fixed- 
point automorphism (NFPA) induced by the map I H 01 on A,(@). Further, we see 
from the work of Sloane, that the lattice is unimodular, and hence that 
&(@,/fl is an even self-dual lattice (and so d is a multiple of 4). 
For le%?, and hence d a multiple of 12 (say d= 120), define the ‘twisted’ construc- 
tion by 
~~(~)=n,(~)“n,(~)“ii,((e^), (I 1) 
where 
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A 24 
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with 
+ x=(x1, . ..) x,~)E&~: i  xirpmod(w-6) . 
i=l 
(13) 
We can easily check that this is a lattice. (Note that the requirement that it is an 
b-module implies that (o- G)Gt@o - O)& for C*& This is found to be equivalent to 
1.2~32, i.e. 1&*=@) We also find that (2,1)~32, and &(@)J~ is an even 
self-dual 2d-dimensional Z-lattice with a H3 NFPA. 
[Note that these two constructions are a slightly generalised form of those given in 
[2]. We have extended the twisted construction to work for d an arbitrary multiple of 
12, rather than just for d = 12mod 36, and resealed our definitions so that the 
corresponding real lattices are even and self-dual.] 
Let us consider the results of these two constructions for d = 12. Referring to [6], we 
see that there are three self-dual codes of length 12, i.e. %?i2, 4g3(12) and 3gd. 3gb 
does not contain 1, and so cannot induce a twisted construction. Let us identify the 
corresponding Niemeier lattices, as we did in the previous section. 
It is easy to identify the vectors of length squared two for both the straight and 
twisted constructions, and we thus find that the Coxeter number relevant to the 
corresponding Niemeier lattice is 9n3/8 +3 in the straight case and 3n3/8 in the 
twisted case, where n3 is the number of codewords in %?of weight 3. Substituting in the 
values of 0, 8 and 24 for n3 for %‘i2, 4g3(12) and 3gd respectively, we see that we 
obtain the results depicted in Fig. 4. (The Coxeter number does not identify the 
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lattices Ez or .Ei uniquely (see Table l), but clearly 3gb produces 3 orthogonal 
components under the straight construction, while we may pick out Ez with equal 
ease.) Although two of these lattices are not produced by the binary constructions of 
the preceding section, the results in no way provided the hoped for completion of the 
construction of the Niemeier lattices from codes. 
[It is interesting to note a connection with third order lattice NFPAs. The only 
possible Niemeier lattices admitting third order NFPAs are clearly those whose 
corresponding root system does. These have been classified (see e.g. [7]), and the 
result is that only the lattices shown in Fig. 4 together with the lattice D,” may. The 
question of whether the automorphism of the root system lifts to the whole lattice is 
more difficult, but in the case of the lattices in the figure the NFPA is induced by the 
trivial one on the Eisenstein lattice. It is easily checked that the Niemeier lattice 
0,” does not have a third order automorphism. In other words, almost all of the 
possible order 3 NFPAs of the Niemeier lattices are realised, while all those that are 
realised due to the existence of a corresponding ternary code.] 
4. Constructions of Z-lattices from ternary codes 
Let us now try to directly construct integer lattices from ternary codes, rather than 
proceeding via the Eisenstein lattice prescription of the previous section. Following 
the binary constructions, a natural condition to impose on a self-dual ternary code 
%? would be that the weights wt(?) of all codewords C be even, i.e. a multiple of 6. 
(Clearly they are multiples of 3 for %? integral.) However, the theorem of Gleason [2] 
states that, for %? a self-dual ternary code of length d, its weight enumerator 
(14) 
where 
$4=(x3+8y3), 
$12=(8x6- 16O~~y~-64y~)~, 
i.e. for ce^ of length 24, 
W,-(x,y)=A1//,6+B~43*12+C~:2, 
(15) 
(16) 
for some (unique) A, B, CE@, since Wg(x, y) must clearly be a homogeneous poly- 
nomial of degree 24. We have the constraint that the coefficient of x24 be 1 (or 
equivalently that the coefficients sum to 312), leaving us with two free parameters, 
which we find cannot be chosen so as to impose the evenness constraint upon the code. 
So, let us instead decompose the code by hand, i.e. we write 
%?+ ={C^E@: wt(c*)=Omod6}, 
@- ={C^&: wt(c*)=3mod6}, (17) 
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so that @= 3, u %?_ . Then 
is an even lattice, but the projections necessary on Zd to make it even remove 
unimodularity. Hence, in order to attain self-duality, we add in two further sectors, in 
a fashion analogous to the twisted binary construction. Set 
(19) 
where P, Q = + are parities for projections of Zd. Clearly, in order to easily consider 
the squares of vectors in ,4zQ”, we must impose the condition L&?* (=4). This then 
requires that Iz=de3Z. But we already have that d~4Z for @self-dual. Hence d~12Z. 
Suppose d = 12N. Imposing the evenness restriction A2e2Z_ for all &nsQ is easily seen 
to be equivalent to the condition NE~Z, i.e. dE24Z. (We use the fact that LE@ and 
@c %?* implies that 1. EE~Z for all ?E@. Hence, if c* contains n, l’s and n_ -l’s, we 
have n+-n_E3Z. Also t2e3Z. Hence n++n_E32. Thus n+,n_E3Z and (t2/3)+ 
1.?=2((2n+/3)-(~/3))~22 for all ;E%?, analogous to the trivial result x2+1.x~2Z 
for all XEZ~, which is also required.) Clearly /l^zQ E&U ,4zQ has the correct number 
of points per unit volume (so that the structure is unimodular). All we have to impose 
now is that it forms a lattice. We use 
#++@_ ~(~_+33zd,)u(%F++326). (20) 
It is then trivial to show that /lzQ is a lattice provided that P and Q are of opposite 
sign, i.e. 
A+ -+7 
A,-z/t, _&$“A$ (21) 
is an even self-dual lattice for +F? a self-dual ternary code containing 1. 
So, we now have two possible constructions. Clearly they are both superficially 
analogous to the twisted construction in the binary case. However, let us refer to the 
construction %?I-+A~ as the straight construction, and the other as the twisted 
construction, for reasons which will soon become clear. 
Suppose that %? and 5’ are two equivalent codes, related by a permutation rc and 
+F 
a set CJ of sign changes of the coordinates. Then clearly ZG&= A$, But rra/iG = /I/$+ 
if o is composed of an even number of sign changes, and TCCTA$’ = A$’ otherwise. 
Hence, the lattices &$ can be alternatively regarded as the two possible results of 
applying one of the two constructions to the class of codes equivalent to %?. 
The constructions work for d a multiple of 24 rather than just 8. But for d = 8 and 
d = 16 the binary constructions already give all the even self-dual lattices. So there is 
still some hope that by adding in these constructions we will be able to obtain all such 
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lattices, at least for d ~24. We will restrict the discussion from now on to the case 
d=24. 
4.1. Ident$cation qf‘ the corresponding lattices 
We identify the lattices produced as in Section 
found to be 
for P2=6, 
2. The elements of /ii (2) are easily 
(22) 
(23) 
for t 2 = 3, where (ci)j= 6ij and we choose Oi = 0 except in one position, where it takes 
the non-zero value (c^)i (so there are 3 possible choices for the et), and 
?+$I 
P+$X, 
Js 
(24) 
for t2 = 24, with c^ containing a multiple of 6 l’s and (x)~ = - 1 wherever (C)i = 1, (X)i =O 
otherwise. Hence we obtain 
24h+ =3n3+n,+nld, (25) 
where n3 and n6 are the numbers of codewords of weights 3 and 6 respectively, r& is 
the number of codewords of weight 24 with a multiple of 6 l’s, and h+ is the Coxeter 
number corresponding to 2;. 
Similarly, 22 is composed of the vectors in (22-24) but with the number of l’s in 
C in (24) an odd multiple of 3, i.e. 
24h_ =3n,+n,+nib, 
using the obvious notation. 
(26) 
However, we need a more rapid technique for determining Coxeter numbers h+, 
since, although the calculations involved are trivial, in 24 dimensions the sheer 
number of computations leads to excessive requirements of computer time. To do this, 
we use a result [6] for the complete weight enumerator (c.w.e.), W,-(x,y,z), of a self- 
dual ternary code @containing 1, where 
f,$@(x, Y,z)E c x%(~)Y”+‘$“-‘“‘, (27) 
E& 
where L! contains no(?) O’s and n*(t)-& 1’s. [Note that this is not invariant under sign 
changes of the coordinates, i.e. equivalent codes do not necessarily have the same c.w.e., 
although their weight enumerators clearly do coincide.] The theorem states that 
W,(.u,Y,Z)E~[Ca,,,B,Z,6,,10 /%Yn3@C~I2$&~361> (28) 
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where 
cq,=a(a3+8p3), 
/&--a2- 12b, 
y1s--a6 -2oa3p3-8p6, 
(29) 
and 
p = 3xyz, 
b=x3y3+y3z3+z3x3. 
So, in the length 24 case in which we are interested, 
(30) 
~(x,y,z)=Aa:,+BalzPs2+CP64+086Y1s, (31) 
for some unique A, B, C and DE@. We again have the constraint that the coefficients 
sum to 3i2, i.e. A +B+ C+D = 1, leaving 3 parameters. We choose these to be n3, 
h+ and h_ , where h, are given in terms of ns, n6 and & as above. It is found that the 
coefficient of the term x 18y6 is h, -2, so implying firstly that h, >,2 (from the 
positivity of the coefficients of I#,-) and secondly that h, may be evaluated by 
checking how many codewords containing 6 l’s and 18 O’s there are in %? Since h + 3 2, 
ln(2)1948 and so it is impossible to obtain the Leech lattice from the straight 
construction, though not necessarily from the twisted construction. However, since 
this can be obtained anyway by the twisted binary construction, it is not too 
disastrous. If anything, this serves to emphasise the unique properties possessed by the 
Leech lattice. Also, using the fact that @is self-dual, in order to compute h, we only 
have to check how many codewords containing 6 l’s and 18 O’s are contained in 
%?* = %? (i.e. which have scalar products which are a multiple of 3 with all of the 
elements of a basis for %?). There are (‘Q’) = 134 596 such codewords possible, and so 
the method should be slightly faster (cf 3 l2 = 531441) at finding h, . We will make the 
method significantly faster in the cases we discuss later, where we try to construct 
codes with particular properties rather than just test a given one of general form, since 
we will start from a code containing some known codewords of weight 6 with 6 1’s. 
Similarly, the coefficient of x1*y3z3 in W,-(x,y,z) is found to be 
8h- +6h+ + 5n3 - 12, allowing us to implement a similarly accelerated algorithm to 
compute h_ (at least once h, and eta are known). 
4.2. Results of the constructions in 24 dimensions 
Now that we have techniques for identifying the lattice, we need some codes to 
work on. Self-dual ternary codes have been classified up to and including length 20 
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(Pless et al. [S]) and we could use the same techniques to extend the classification to 
length 24. However, this would be tedious, and in any case it is not necessary to find all 
codes, merely to find ones which will produce all of the even self-dual lattices which we 
hope to find by this construction, and we are anyway only interested in codes 
containing 1. So we use a combination of two methods. Firstly, we exploit the results 
of Pless et al. 
4.2.1. Construction of self-dual codes of length 24 from a self-dual code of length 20 
If @ is a length 24 self-dual ternary code containing 1 with n3 24, then we may 
choose, without loss of generality, the first two elements of the basis to be 
Cr=(l, l,l,O,O,O, . ..) 0) 
Fz=(O,O,O,l, l,l,O,O, . ..) O), (32) 
(i.e. + c*r, f C2 are 4 codewords of weight 3). Then, by taking suitable linear combina- 
tions with Cr and t2, the other basis elements, E3 to ?r2, can be chosen to contain 
(0, 0, 0), (l,O, - 1) or (- 1, 0,l) in the first three entries, and similarly in the next three. If 
* 
c3 to ?r2 all contain O’s in their first 3 coordinates, then the code spanned by them will 
be a self-orthogonal (i.e. contained in its dual) length 18 code with 10 linearly 
independent codewords. However, the maximal dimension, k, of a length n self- 
orthogonal ternary code is given by [6] 
1 
211 if nrOmod4, 
k= i(n-1) if n is odd, 
i(n-2) if nz2mod4. 
(33) 
So this is a contradiction, and hence, without loss of generality, we may take E3 to be 
(l,O, - 1, . . .). Then, by taking suitable linear combinations with e,, E2 and t3, we can 
take t, to c^,, to vanish on the first 3 coordinates. By the same argument, we see that 
we can take P4 = (O,O, 0, l,O, - 1, . . .) and c*5 to tr2 to vanish on the first 6 coordinates. 
Also, we can use E4 to set the second group of 3 coordinates in Z3 to zero. So, we obtain 
our basis in the form 
tr=(l,l, 1,0,0,0,0 )...) O), 
c~=(0,0,0,1,1,1,0 )...) O), 
?3=(1,0, -l,O,O,OJ,), 
~~=(0,0,0,1,0, -1,i2), 
~5=(o,o,o,o,010,~3), 
. . 
. . 
. . 
~~2=(~~~,~,~,~,~,~~0), (34) 
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where ii, . . ..hie are ternary codewords of length 18. Then we replace the first 
6 coordinates of t, by (1, l), the first 6 of C, by (1, - l), and of ts to ;I2 by (0,O). We see 
that this preserves the dot products modulo 3 among the basis vectors, and so 
&=(l, 1,&L 
d^,=(l, -1,5,), 
&=(O,O,&), 
(35) 
then span a self-orthogonal ternary code, @,, of length 20. Furthermore, the code is 
self-dual, as it has dimension 10 (;a to ?12 remain linearly independent under the 
changes). Since %? contains 1, then %?O contains a codeword with 18 l’s and 2 0’s. 
Clearly, by the fact that all the dot products in %?c, must be a multiple of 3, there can 
only be one such codeword, and so there is one and only one length 24 self-dual 
ternary code containing 1 corresponding to a length 20 self-dual ternary code 
containing a codeword with 18 1’s. (The construction from length 24 to length 20 can 
clearly be reversed, as, by the above arguments on maximal dimension, we see that if 
we choose (by rearranging the coordinates if necessary) (O,O, 1, 1, . . . , 1) to be the first 
element of the basis for the length 20 code, at least two of the remaining basis elements 
must be non-zero on the first two coordinates, and so can be taken to be (1, 1, . . .) and 
(1, - 1, . ..). Hence, the length 24 code can easily be constructed.) 
However, we must remember that the conventional definition of equivalence of 
codes includes sign changes on the coordinates. In [S] it was found that there are 24 
inequivalent self-dual ternary codes of length 20. We choose one representative from 
each of these equivalence classes (i.e. the explicit bases given in the paper are used). 
For any codeword of weight 18 in one of these codes, we can clearly form an 
equivalent code containing a codeword with 18 l’s by changing the sign of the 
appropriate coordinates. Then, applying the above construction, we obtain a self-dual 
length 24 code. 
Consider the weight 18 binary codeword corresponding to the support of the 
weight 18 codeword chosen (i.e. a length 20 binary codeword with entries equal 
to 1 wherever the weight 18 ternary codeword is non-zero). Then the length 24 
codes corresponding to choices with identical weight 18 binary codewords are 
equivalent (related by sign changes only), So, the number of inequivalent length 
24 codes we obtain from a given length 20 code is at most the number of distinct 
weight 18 binary supports. This is clearly at most (‘,“) = 190, and explicit calculation 
reveals it to be of the order of 50 for each code. This puts an upper bound on the 
number of inequivalent self-dual ternary codes of length 24 containing at least 
4 codewords of weight 3 and at least one of weight 24, though rather a large one (in [S] 
a lower bound of around 40 for the number of inequivalent codes with n3>4 is 
obtained). 
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Table 2 
Niemeier lattices corresponding to the length 20 self-dual ternary 
codes 
Code Lattices 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
no weight 18 codeword 
Ea’ 
E8D16 
Gbl 
E:D,o, E6’ 
ETAIT, ES&AI, 
&&A,, 
E:h, E8” 
A;Rs, &&AII. A:& E,4 
D;, A:D,, A@,, 064, E:D,, 
&&A,,, A:, Ai, A:z, A:% 
D:. A:D:, A;D,, A:D4, 0; 
AaD,, A;, A& A:D: 
A;D,, A:D;, A& A:D,, A:, A; 
A:Dd, A:, A:D:, A% A;Ds> A:, &D,A,I 
D:, A:, A:D, 
12 
A:D,, A:, A:, A:, A:D:, A, 
D:. A:D,, A!, D; 
A& A:, A:D:, A:D4 A6 3 4 
A$, A;D:, Ai, E,4, A4D 5 4 
A;D:, A;’ 
TO check whether two codes are equivalent is naively straightforward, but at length 
24 the relevant group of transformations has order 224. 24! E 1031. Hence, to compute 
the inequivalent codes obtained from our construction requires a more sophisticated 
analysis. However, we are not interested so much in the codes themselves, but rather 
in the lattices which they produce under our two constructions. For each of the length 
20 codes, we have computed the distinct lattices which are produced by applying first 
the code construction and then our lattice constructions. The results are given in 
Table 2, and some corresponding bases are listed in the appendix. (We use the 
numbering of [S] for the length 20 codes). 
Note that we only give the results for one construction (the straight construction). 
This is because, for n3 2 2 (we have n3 2 4 here), the straight and twisted constructions 
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produce identical lattices (at least in 24 dimensions). It is clear that they produce 
lattices with identical Coxeter numbers, since we may use one of the codewords of 
weight 3 to flip codewords of weight 24 between even and odd numbers of + l’s, i.e. 
&=n&, and so h + = h _ In most cases, the Coxeter number is sufficient to identify 
the lattice uniquely. However, the vectors of length squared 2 produced by the two 
constructions are actually mapped into each other by a change of sign on the 
coordinates corresponding to one of the codewords of weight 3 (which is easily seen 
from (22-24)), and so the 24-dimensional lattices, which we have seen are character- 
ised by their vectors of length squared 2, are identical. However, it is not clear whether 
this result will generalise beyond the 24-dimensional case. 
In the appendix we also give the value of n3 for each code. [This, together with h, 
(= h- ), is sufficient, as we have seen, to determine the c.w.e. of the code.] We see that 
34 of these codes are distinct, using both the lattice and the value of n3. (During the 
calculation of the codes corresponding to distinct binary supports we merely checked 
for distinct Coxeter numbers (and number of orthogonal components in A(2) where 
appropriate) and not n3 values as well, so the number of distinct codes produced by 
the construction of a length 24 code from a length 20 code will be at least 34.) So there 
are at least 34 inequivalent length 24 self-dual codes with n3 >4 containing codewords 
of weight 24. We shall see in the next sub-section at least 32 of these codes are 
indecomposable, extending the lower bound of 13 given in [S] for the number of 
indecomposable inequivalent length 24 self-dual codes with n3 24. 
Note that several of the codes listed in the appendix are distinct and yet have 
coincident weight enumerators (in fact c.w.e.‘s). [Note that for n3 22, h, = h_ implies 
that the weight enumerators coincide if and only if the c.w.e.‘s coincide.] Hence, 
firstly, evaluation of the weight enumerator alone is not sufficient to distinguish 
inequivalent codes, and secondly, the lattice construction provides an additional 
means of distinguishing inequivalent codes to that of simply evaluating the weight 
enumerator, since we have seen that equivalent codes must produce the same pair 
of lattices under the straight and twisted constructions (though they may be 
interchanged). 
We can relate %? to a code with non-Euclidean signature as follows. We take the 
basis to contain all of the in, codewords composed of 3 1’s. Let n3 =2m3. Then, as 
before, we can make the remaining basis elements (l,O, - l), (- l,O, 1) or (0, 0,O) in the 
corresponding positions. We then replace (l,O, - l), (- l,O, 1) and (O,O, 0) by 1, - 1 
and 0 respectively and change the signature of the metric on these coordinates, so that 
the dot products are preserved modulo 3. Then these 12-m; codewords of- length 
24-2m3 span a self-orthogonal ternary code with signature ( +)24-3m3( -)“‘. We 
know that non-Euclidean even self-dual lattices exist only if the signature is of the 
form (+)“( -)“, with m-n a multiple of 8, in which case the lattice is unique (at least in 
the case when the metric is indefinite). So, by analogy, we would expect that self-dual 
ternary codes with n3 not equal to 0 or 16 (the extremal values) would be unique, and 
further that n3 has to be a multiple of 4. This conjecture is seen to fail in the above, 
showing that we can stretch an analogy too far! 
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4.2.2. Further length 24 codes 
The results in Table 2 show that we obtain 19 of the 24 Niemeier lattices from the 
length 20 ternary codes, and 11 of the 12 lattices not produced by the binary 
constructions (the exception being the lattice A,,). This suggests that we should try to 
obtain all the Niemeier lattices from our ternary constructions alone, rather than 
merely attempt to supplement the previous results. To do this, we must obtain further 
suitable codes of length 24. 
There are some standard self-dual ternary codes of length 24 containing 1 known to 
exist. For example, there are exactly two codes with minimum non-zero weight 
9 (Leon et al. [S]), which are the quadratic residue code QZ4 and the symmetry code 
Pz4. These both give h, =2, i.e. the lattice identified by the root system Af4, and 
h _ = 0, i.e. the Leech lattice. (This can be deduced from our general expression for the 
c.w.e., as setting rr3 =a6 =0 and requiring non-negative coefficient forces h+ =2 (and 
fixes the entire c.w.e.).) This justifies our naming of the straight and twisted construc- 
tions, by analogy with the binary case, since we have shown that the Leech lattice 
cannot be obtained from the straight construction and yet it is produced by the other. 
The paper by Leon et al. [S] contains two more suitable codes, which they call H3 and 
H4. These give the lattices 0: and 0: respectively under the straight construction, 
and 0: and Af4 under the twisted construction. Note that these are our first examples 
of codes which produces different lattices under the straight and twisted constructions 
(in fact the lattices have distinct Coxeter numbers). 
From the classification of maximal self-orthogonal ternary codes up to and includ- 
ing length 12 given in [6], we see that there are two containing 1, WI2 and 4%a(12). 
%?i2 is the unique self-dual ternary code of length 12 containing no codewords of 
weight 3, and is known as the ternary Golay code (cf. the binary Golay code described 
in chapter 3). So there are 3 decomposable self-dual length 24 codes containing 
1 (remember that the lenfth of a self-dual ternary code containing 1 must be a multiple 
of 12), i.e. %i2, 4%Z3(12)%?r2 and (4%?s,(12))2. Under the straight and twisted construc- 
tions %?f2 produces the lattices D 24 and Of2 respectively. 4%Y3(12) has n3 >O (in fact 
n3 = 8), and so the other two codes produce identical lattices under either construc- 
tion. These are D,,Es and Ei. (Note that 4$Z3(12)%?r2 and (4e3(12))* have identical 
weight enumerators and produce identical lattices to two of the codes produced in the 
* previous subsection, whereas %7r2 is distinct from those codes. Hence, as stated in that 
subsection, we have at least 32 indecomposable codes.) 
So far, we have produced all of the Niemeier lattices except for A,, from the straight 
and twisted constructions, and all except Of2 , A24 and A24 from the straight construc- 
tion alone. We now abandon the systematic approach and, following the algorithm of 
Leon et al. in [S], generate self-dual length 24 ternary codes randomly. We choose 
some linearly independent codewords forming a self-orthogonal set, and then extend 
this set randomly to form a basis for a self-dual code, essentially using a form of 
Gramm-Schmidt orthogonalisation. We look for the lattices A24 and Dt2 from the 
straight construction. These have Coxeter numbers of 25 and 22 respectively, and so, 
from the result nz = h, - 2 which we had before, n6+ >/ 20. In particular, ni > 6 implies 
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that at least 3 of the weight 6 codewords with 6 l’s must overlap. So, without loss of 
generality, we may take the first two elements of our basis to be 
$,=(l,l, 1,1,1,1,0,0 )..., O), 
~,=(O,O,O,l, l,l,l,l, l,O,O )...( 0). (36) 
If the next element were (1, 1, l,O, O,O, 1, 1, l,O, 0, . . . ,O), then we would have n3 2 6. 
Since we already have complete results for n3 24, then we see that the next element of 
the basis can be taken, without loss of generality, to be one of 
i;=(l,o,o, 1,1,0,1,0,0,1,1,0,0 )...) O), 
s~=(0,0,0,1,1,1,0,0,0,1,1,1,0,0, . ..) O), 
~~=(0,0,0,0,0,0,1,1,1,1,1,1,0,0 )...) 0). (37) 
(This forces $2 3 and so h, >, 5.) We also want I&?, and so choose 
&=(l, 1, . ..) 1). (38) 
The remaining elements of the basis are then computed using the randomisation 
algorithm. There are only 9610 weight 6 codewords with 6 l’s orthogonal (modulo 3) 
to t1 and t2, and so the calculation of h, may be accomplished very rapidly. Clearly, 
further restrictions on the possible basis elements can be made, since we are interested 
in ni 220, but the calculation is quite fast at this stage and a further level of 
complexity in the algorithm is not necessary. 
We find many codes with n3 = 0, consistent with the result in [S] that most self-dual 
codes of length 24 are indecomposable and have minimum non-zero weight 6. 
However, there appears to be no discernible pattern, unlike in the binary case, to the 
interrelationship of the two constructions. 
[Note that this random generation technique could be used to generate all of the 
lattices by itself, but we may as well use the systematic approach wherever possible, 
particularly since it provides at least a partial classification of the length 24 ternary 
codes.] 
r 000000000000122012000001’ 
In any case, we find that the basis 
\ 
111111000000000000000000 
100110001100212002000000 
210102000002100000000000 
220011100020000000000000 
000201000210121001000010 
010020010210121001000000 
000000000100022021100000 
000OOOOO0200112020001000 
120222000210121001000100 
000000000200202111000000 
OOOOO0000100110011010000 / 
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produces the lattice AZ4 under the straight construction, and that .the basis 
‘000000000000202020011001~ 
111111000000000000000000 
020202011100000000000000 
020211020001000ooo000000 
210111000000200020010010 
020001020100101021001000 
010011010110000000ooo000 
120222000000002020010100 
010002010200111020001000 
120222000ooo001100022ooo 
210111000ooo100000122000 
01021210020ooo0000000000 
produces the lattice 
5. Conclusions 
D2 12. 
The straight construction of E-lattices direct from ternary codes containing I by 
itself produces 23 of the 24 even self-dual lattices, which is a considerably 
stronger result than our initial hope of obtaining from both ternary constructions 
at least the 12 lattices which cannot be obtained by the binary constructions, 
and together with the twisted construction we obtain all the Niemeier lattices. 
It is not clear how many of the lattices we may obtain with the twisted 
construction alone. From the above results, we see that we obtain all except 
A24 and Dz4. However, it would be expected that, in the same way that A24 cannot be 
obtained by the straight construction, the twisted construction cannot produce the 
lattice D,,. Such a negative result is clearly beyond the random basis generation 
approach. 
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Appendix: Bases for ternary codes 
In this appendix, bases for length 24 self-dual ternary codes containing 1 construc- 
ted from the self-dual ternary codes of length 20 which produce all the distinct lattices 
obtained from the constructions discussed in Section 4 are given. We number the 
length 20 codes using the notation of [S], and label the length 24 codes by both the 
lattice they produce and the number of codewords of weight 3 which they contain. 
(Note that we have used 0, 1 and 2 as the elements of the field rather than - 1,0 and 
1 as used in the main text in order to simplify the layout of the bases.) 
A.1. Code 2 
E,3 n3=16 
111000000000000000000000 
000111000000000000000000 
000000111000000000000000 
000000000111000000000000 
000000000000111000000000 
000000000000000111000000 
120120120000000000000000 
000120210120000000000000 
000000000000120120102000 
000000000000120210000102 
000000000000000000111000 
000000000000000000000111 
A.2. Code 3 
E,Dt, n,=8 
100000011111000000000000 
010000201221000000000000 
001000210122000000000000 
000100221012000000000000 
000010222101000000000000 
000001212210000000000000 
000000000000111000000000 
000000000000000111000000 
000000000000120120102000 
000000000000120210000102 
000000000000000000111000 
000000000000000000000111 
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A.3. Code4 
E~Dlo n 3 = 12 
001110000000000000000000 
000001110000000000000000 
000000001110000000000000 
000000000000000111000000 
110000000001111000000000 
001200000002211000000000 
000001200002121000000000 
000000001202112000000000 
120000000000000120102000 
120000000000000210000102 
000000000000000000111000 
000000000000000000000111 
A.4. Code5 
E~DIo n 3 = 8 
001110000000000000000000 
000001010002212000000000 
000000101001222000000000 
000001100101011000000000 
000001200010221000000000 
000000000000000111000000 
110001000000111000000000 
001200100002012000000000 
120000000000000120102000 
120000000000000210000102 
000000000000000000111000 
000000000000000000000111 
A.5. Code6 
E7AI7 n 3 =6 
000111000022002000000000 
002100100020102000000000 
002001010020012000000000 
020111020200000000000000 
000010110220002000000000 
002110012000002000000000 
000000000000000111000000 
221101000002000000000000 
210000000000000120102000 
210000000000000210000102 
000000000000000000111000 
000000000000000000000111 
E~ n 3 = 10 
111000000000000000000000 
111000000000000000000 
00011002212000000000 
00210102021000000000 
00220010211000000000 
000001300000111000000 
120000200000121000000000 
120010001022000000000 
0 00200001222120102000 
0 000200001222210000102 
0 00000000000000111000 
000000000000000000000111 
E6DTAaa n3 = 8 
111000000000000000000000 
21 101000002002000000000 
120010002102000000000 
100201002012000000000 
101210202000000000000 
01011022002000000000 
121001200002000000000 
00000000000111000000 
120220200000000120102000 
120220200000000210000102 
0 00000000000000111000 
000000000000000000000111 
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A.6. Code 7 
&DTAII n,=6 
100000012221111000000000 
o1ooooo11212121ooooooooo 
00100001211221100ooo0000 
000010011211212000000000 
000100012111122000000ooo 
000001011122112000000000 
000000111121221000000000 
000000000000000111000000 
000ooo012222222120102000 
00000001222222221ooo0102 
oooooooooooooooooo111ooo 
ooooooooooooooooooooo111 
A.7. Code 8 
E&O n3=12 -G n3=16 
000011100000000000000000 111000000000000000000000 
ooooooo111oooooooooooooo 000111000000000000000000 
000000000011100000000000 000000111000000000000000 
ooooooooooooo111oooooooo 000000000111000000000000 
112212000000000000000000 000000000000111000000000 
000000012012012000000ooo 000000000000000111000000 
002221000000000011000000 120120120000000000000000 
000000000012021012000000 000oooo00120120120000000 
122100000000000000102000 000120210000000000102000 
1212000000000000ooo00102 0000000oooo0120210000102 
000000000000000000111000 000000000000000000111ooo 
000000000000000000000111 000000000000000000000111 
A.8. Code 9 
&&AII ns=lO -%A17 n3=12 
000011100000000000000000 oo111ooooooooooooooooooo 
ooooooo111oooooooooooooo ooooo111oooooooooooooooo 
oooooooooo111ooooooooooo 000000001110000000000000 
00111201201201000ooo0000 000000000001110000000ooo 
110012012012001000000000 110001201201201000000000 
111100012012000200000ooo 111200001201200100000000 
111112000012000020000000 111201200001200010000000 
11111201200ooo0002000000 111201201200000001000000 
121200000000000000102000 121201201201200000102000 
1221ooo00000000000000102 122102102102100000000102 
000000000000000000111000 oooooooooooooooooo111ooo 
000000000000000000000111 ooooooooooooooooooooo111 
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A.9. Code 10 
D,3 n3=8 0,” n3=8 &DTAII n3=10 
000011100000000000000000 001110000000000000000000 001110000000000000000000 
000000011100000000000000 000000011100000000000000 000001110000000000000000 
000000000011202120000000 000000000011102220000000 000000001110000000000000 
000000000001110110000000 000000000001210212000000 222100000001120220000000 
111100000010001000000000 221200000010001000000000 222100000000111011000000 
112200000001000200000000 222100000001000100000000 221200000001000100000000 
000012012000200010000000 000002212000100010000000 000001201200020010000000 
000012021000010002000000 000002221000010001000000 000001202100001002000000 
121200000000000000102000 210021000000000000102000 021200000000100000102000 
122100000000000000000102 210001200000000000000102 102100000000200000000102 
000000000000000000111000 000000000000000000111000 000000000000000000111000 
000000000000000000000111 000000000000000000000111 000000000000000000000111 
E,Dlo n3=12 
111000000000000000000000 
000111000000000000000000 
000000111000000000000000 
000000000111000000000000 
000000000000111111000000 
120210000000100200000000 
000000120120020010000000 
000000120210001002000000 
000000000000120120102000 
120120000000000000000102 
000000000000000000111000 
000000000000000000000111 
A.10. Code II 
AIS& n3=6 E,” n,=lO 
000011100000000000000000 111000000000000000000000 
000000021000022011000000 000111000000000000000000 
000000010100022120000000 000000111000000000000000 
000000010010020212000000 000000000210020121000000 
000000020001021102000000 000000000102021201000000 
000000000000121221000000 000000000000221112000000 
112212000000000000000000 120120120000000000000000 
002221010000001111000000 000121210200001222000000 
122100000000000000102000 000000000000011202102000 
121200000000000000000102 122102102200000112000102 
000000000000000000111000 000000000000000000111000 
000000000000000000000111 000000000000000000000111 
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A.ll. Code 12 
A,2D, n,=6 E,D,A,, n,=6 A;D; n,=8 
000011100000000000000000 111000000000000000000000 111000000000000000000000 
000000011111100000000000 000000211221000000000000 000000111000000000000000 
000000011100011100000000 000000211000122000000000 210000000001220010000000 
000000012012012000000000 000000220210110000000000 000000000221001120000000 
000000000012021021000000 221200000210220110000000 000000000210211200000000 
110000011000100100000000 120000021000100200000000 000000000000212101200000 
001100010020000220000000 000220020010000110000000 000220002001000110000000 
001112000000000022000000 000221100000000012000000 000221200000000011000000 
121200000000000000102000 000211200000000000102000 120210002200000200102000 
122100000000000000000102 000212100000000000000102 210210001100000100000102 
000000000000000000111000 000000000000000000111000 000000000000000000111000 
000000000000000000000111 000000000000000000000111 000000000000000000000111 
E6” n,=lO 
000011100000000000000000 
000000011111100000000000 
000000011100011100000000 
000000012012012000000000 
000000000012021021000000 
110000011000100100000000 
001100010020000220000000 
001112000000000022000000 
121200000000000000102000 
122100000000000000000102 
000000000000000000111000 
000000000000000000000111 
A.12. Code 13 
0,” n,=4 Ah n,=6 A,ZD, n,=6 
000010100022120000000000 001110000000000000000000 001110000000000000000000 
000001010012220000000000 000000110022120000000000 000001010002212000000000 
000011001010110000000000 000002101020210000000000 000000101001222000000000 
000012000102210000000000 000002200102110000000000 000001100101011000000000 
000010000001111100000000 000002000001211200000000 000001200010221000000000 
000001000020120021000000 000000100010220012000000 002101000000111122000000 
110000000000001222000000 110000000000001111000000 000000100002012012000000 
001100000000002122000000 012000000000002211000000 111200000000000022000000 
121200000000000000102000 120002000012220000102000 122100000000000222102000 
122100000000000000000102 120001000021110000000102 121200000000000111000102 
000000000000000000111000 000000000000000000111000 000000000000000000111000 
000000000000000000000111 000000000000000000000111 000000000000000000000111 
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Ds4 n,=8 E&o n3=8 
111000000000000000000000 111000000000000000000000 
000111000000000000000000 000111000000000000000000 
000000121020120000ooo000 000000101000221200000000 
000000110102220000000ooo ooo000010100122200000000 
000000100001122200000000 000000110010101100000000 
000000020010110022000000 000000120001022100000000 
120000000000002121000000 000000100000011111000000 
000120000000001221000000 120210000000000021000000 
ooo000120001020000102000 00012ooo0000000021102000 
000000110020200000000102 000000010000201200000102 
000000000000000000111000 oooooooooooooooooo111ooo 
000000000000000000000111 000000000000000000000111 
A.13. Code 14 
JW,AII n3=4 A: n,=6 A,3 n3=6 
000010212000021000000000 001110000000000000000000 001110000000000000000000 
000012200100020100000000 000002210020001100000000 000001022100002100000000 
000010122020100000000000 000002022101010000000000 000001220010002010000000 
000002012101020000000000 000000201120201000000000 000001011101010000000000 
000010010120220000000000 000002001021021000000000 000000202110102ooo000000 
000021020000010012000000 000001102000002012000000 000001002011022000000000 
110000022020000001000000 220000002101000001000000 112102101000001002000000 
111100000000000011000000 221200000000000011000000 220000001101000002000000 
121200000000000000102000 210002011100001000102000 101200000000000002102000 
122100000000000000000102 210001022200002000000102 022100000000000001000102 
000000000000000000111000 000000000000000000111000 000000000000000000111000 
000000000000000000ooo111 000000000000000000000111 000000000000000000000111 
A:, n,=6 A;D; n,=8 
001110000000000000000000 111000000000000000000000 
000002022100001100000000 000111000000000000000000 
000002220010001010000000 000000201220101000000ooo 
000002011102020000000000 000000020121010200000000 
000000202110201000000000 000000200101102200000000 
000002002012011000000000 000000110200000122000000 
111201101000002002000000 120000000220100001000000 
002100001102000002000000 120120000000000021000000 
201200000000ooo001102000 000000121121000100102000 
012100000000000002000102 000000010122000000000102 
000000000000000000111000 000000000000000000111000 
000000000000000000000111 000000000000000000000111 
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A.14. Code 15 
0: n,=4 AfD,” n3=6 Ah n,=6 
000010000011211212000000 001110000000000000000000 001110000000000000000000 
000001ooo012111122000000 002100000000001212000000 002100000000001221000000 
000000100012112211000000 000001000011122112000000 002102100000211101000000 
000000010011212121000000 000000100011121221000000 002102010000210222000000 
000000001011121221ooo000 000000010012221111000000 002102001000000102000000 
ooooooooo111122112oooooo 000000001012112211000000 001201000101100212000000 
11000000001222000oooo000 000000000112111122000000 001201000021102101000000 
001110000011212020000000 220000000011210000000000 111201000001021020000000 
121200000000000000102000 211200000012221010102000 122102000001122010102000 
122100000000000ooo000102 212100000021112020000102 121201000002211020000102 
000000000000000000111000 000000000000000000111000 oooooooooooooooooo111ooo 
000000000000000000000111 000000000000000000000111 000000000000000000000111 
A,4D4 n3=6 08” n,=8 
oo111ooooooooooooooooooo 111ooooooooooooooooooooo 
001202000002121202000000 ooo111oooooooooooooooooo 
001201100002001112000000 000210000000001221000000 
002102020ooo210221000000 000000100022222121000000 
002102002000000101000000 000000010022221212000000 
001201000102100211000000 000000001021212222000000 
002102ooo020012122000000 000000000221211111000000 
11000oooo001111000000000 120000000022110000000000 
122102000002121010102000 000120000012212112102000 
121201000001212020000102 000120000000000201000102 
oooooooooooooooooo111ooo oooooooooooooooooo111ooo 
00000000000000000oooo111 000000000000000000000111 
A.15. Code 16 
Ah n3=4 A,3 n3=6 A,4 n3=6 
000010000101002022000000 001110000000000000000000 001110000000000000000000 
000002000101200120000000 000002000102100120000000 002101000000000122000000 
000000200101020102000000 000000200102010102000000 000000200020220220000000 
000000020200101201000000 000000010200201201000000 000000020020202202000000 
000000002200011210000000 000000001200021210000000 001200002000210001000000 
000000000111222000000000 ooooooooo122112ooooooooo 001200000200201010000000 
110001100100001000000000 110001100100001000000000 002100000001022100000000 
002200000101002100000000 001200000102002100000000 111200110010200200000000 
122100000000000000102000 120000000102002022102000 122100000010100100102000 
121200000000000000000102 120000000201001011000102 121200000020200200000102 
oooooooooooooooooo111ooo 000000000000000000111000 000000000000000000111000 
000000000000000000000111 000000000000000000000111 000000000000000000000111 
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A;D; n,=8 
111000000000000000000000 
ooo111oooooooooooooooooo 
120000200102202120000000 
000000100202010102000000 
000000020100102201000000 
0000000011ooo2221ooooooo 
oooooooOo212211oooooOooo 
000120000202001100000000 
210000100002002022102000 
120000200102000022000102 
000000000000000000111000 
000000000000000000000111 
A.16. Code 17 
AiD, n3=4 A;D; n,=4 A,” n,=4 
001000200000002112000000 001000200000021120000000 001000200000021120000000 
000100020000001212000000 000100020000012120000000 000100020000012120000000 
000010002000001122ooo000 000020001000011220000000 00001ooo2000011220000000 
000001000100001111000000 000001000100011110000000 110001000000111111000000 
001020102020100000000000 111000100010000001000000 111000100100000001000000 
000120012002100000000000 110100010001000001000000 110100010010000001000000 
000021002200110000000000 000001ooo222100001ooo000 110010001001000001000000 
110000000022210000ooo000 110020002000200001000000 1100ooo00111100000000000 
200010001000200000102000 2000ooo00011200000102000 010001000ooo200002102000 
010020002001000000000102 010000000022100000000102 200002000000100001000102 
oooooooooooooooooo111ooo ooooOooooooooooooo111ooo 000000000000000000111000 
000000000000000000000111 00000ooo0000000000000111 000000000000000000000111 
Ah n3=4 4 tl,=6 4 n3=6 
001001200100002200000000 111000000000000000000000 111000000000000000000000 
000102010200001020000000 000100020000021120000000 000100200000021120000000 
0000120012ooo00120000000 000010002000012120000000 000010020000012120000000 
221000100020000001000000 000002000100011220000000 000001002000011220000000 
220100020001000001000000 120000100000211112000000 000000000122211111000000 
220001000200010001000000 120100010020000002000000 120100100020000002000000 
220010002000100001ooo000 120010001002000002000000 120010010002000002000000 
220000000021110000000000 000002000211100002000000 120001001000200002000000 
210002000200002210102000 000000100022000001102000 120000000100000002102000 
210001000100001120000102 120000100011200001000102 210000000122200002000102 
oooooooooooooooooo111ooo 000000000000000000111000 000000000000000000111000 
ooooooooooooooooooooo111 000000000000000000000111 000000000000000000000111 
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A.17. Code 18 
A:D, n3=4 42 n,=4 A; DS' n3=4 
001220021100000000000000 oo122211oooooooooooooooo oo122211oooooooooooooooo 
001102122000000000000000 001220001120000000000000 00122ooo1120000000000ooo 
000000000011202210000000 0011022012000000000ooooO 0011022012000000oooo0000 
000000000001110222000000 ooooooooooo221211ooooooo 002020000222220220000000 
00122ooo0010120000000000 220000000001222121000000 002020000220212011000000 
001022020000100010000000 111220000001021001000000 00122ooo0002011000000000 
001010001202ooo200000000 001022001000020010ooo000 001022001000010020000000 
110000000010011001000000 0010100001101001ooo00000 110000000002002102000000 
121222200000000000102000 200000000002001001102000 121010000110200000102000 
122111100000000000000102 010000000001002002000102 12202ooo0220100000000102 
oooooooooooooooooo111ooo oooooooooooooooooo111ooo ooo000000000000000111000 
ooooooooooooooooooooo111 ooooooooooooooooooooo111 ooooooooooooooooOoooo111 
A,” n3=6 Ai& n3=6 A,” n3=6 
111000000000000000000000 111000000000000000000000 111000000000000000000000 
000112002210000000000000 000122211000000000000000 000122211000000000000000 
000120122100000000000000 000122000112ooooO0000000 000122000112000000000000 
120000000001112112ooo000 000110220120000000000000 000110220120000000000000 
000000000000122121000000 1200000oooo0210120000000 120202000022222121ooo000 
000112000002021000000000 00012200000010210ooo0000 000202000022021112000000 
000102102000020010000000 000102200100002001000000 000122000000101200000000 
000101ooo220200100000000 000101000011010010000000 000102200100001020000000 
210112110001001001102000 210000000ooo200100102000 210101000011220202102000 
120112110002002002000102 210000000000222012ooo102 210202000022210202000102 
oooooooooooooooooo111ooo oooooooooooooooooo111ooo 000000000000000000111000 
00000oooo000000000000111 00000000000oooo000000111 ooooooooocmooooooooo111 
&D,Att n3=6 
111ooooooooooooooooooooo 
000122211000000000000000 
000122000112000000ooo000 
000110220120000ooo000000 
000112100200021110000000 
000221200100220012000000 
001010000110100100000000 
120000000002012010000000 
000221200100202000102000 
000201100200000000000102 
000000000000000000111000 
000000000000000000000111 
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A.18. Code 19 
04” n3=4 A: n3=4 Ah n3=4 
000021120000120000000000 121212oooooooooooooooooo 121212ooooOooooooooooooo 
000000112212000000000000 oooo112212oooooooooooooo 0000112120ooo01112000000 
000000000011222100000000 oooooooo112212oooooooooo ooo000011221200000000000 
110ooo000000002212000000 001100000000220120000000 0011ooo00002202100000000 
1221000021000000000oooo0 110000210000000220000000 110000000000002212000000 
00000011110ooo0011000000 12210000002100000ooo0000 122100000210ooo000000000 
00110000001111oooo000000 001111110000111000000000 001111100001112221000000 
000011000000002221ooo000 000000121111000221000000 0000000111100000110oooo0 
000021000ooo210000102000 002200120000221222102000 002200200002212221102000 
121200000000ooo000000102 002200210000221111ooo102 001100200001122221000102 
oooooooooooooooooo111ooo oooooooooooooooooo111ooo oooooooooooooooooo111ooo 
000000ooo000000000000111 ooooooooooooooooooooo111 000000000000000000000111 
A.19. Code 20 
A,” n3=4 A,” n3=4 A,” n3=4 
110000ooo010011100000000 210000000001102200000000 210100020200102220000000 
100000110011000100000000 201oooo00010012200000000 201000000001012200000000 
100000001111001000000000 200000120011000200000000 200000011001200200000000 
00210012120000000ooo0000 200000001211002000000000 200oooo00111202000000000 
002010120000000012000ooo ooo2101100000ooo22000000 000210012120000000000000 
00200100120oooo012000000 000201001100000022000000 00020101200ooo0012000000 
002000101020010002000000 000200101020010002000ooo 000200100120000012000000 
002000101002200010ooo000 000200101002100020000000 0002ooo10102010002000000 
200000000012111100102000 200200111111110ooo102000 200000000001210000102ooo 
000000000010012200000102 20010022221111000oooo102 200200010101010010000102 
000000000000000000111000 oooooooooooooooooo111ooo oooooooooooooooooo111ooo 
000000000000000000000111 ooooooooooooooooooooo111 000000ooo000000000000111 
A3” n3=4 A,2D: n,=4 Ai n,=4 
1100ooo00002201200000000 100000001110100100000000 210000000000212100000000 
1010000ooo20021200000000 010000001101010100000000 002000ooo011102020000000 
100102010022000222000000 0000002211000021ooo00000 000200000011020120000000 
100000001222001000000000 0021002121000000000ooo00 200000001100210020000000 
000011001100000011ooo000 002020210000000011000000 000021001221000000000000 
000100201100000022000ooo 002002002100000011000000 000000200210011002000000 
000100021010020002000000 002000202010010001000000 000000022001011002000000 
000100021001200020000000 002000202001100010000ooo 000020001020100102000000 
100201010022220011102000 000000000022110000102000 20002ooo1012202000102000 
100102020022220022000102 000ooo0011222220ooo00102 200010002002221000000102 
000000000000000000111000 oooooooooooooooooo111ooo 000000000000000000111000 
000000000000000000000111 ooooooooooooooooooooo111 000000000000000000000111 
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A.20. Code 21 
D,” n,=4 A,4D, n3=4 ‘4,” n3=4 
122121000000000000000000 122121000000000000000000 121221000000000000000000 
000000002121120000000000 000022112100000000000000 000022112100000000000000 
000000000022112100000000 000000001101020022000000 000000001102122000000000 
110000000000002212000000 000000000001102122000000 000000000002212110000000 
212100120000000000000000 1000ooo00000002212000000 112200000oooo00210000000 
oooo111111oooooooooooooo 212100120000000000000000 211200120000000000000000 
000000000011110011000000 000011111111110011000000 000011111110011000000000 
002200000000001112000000 002200000000001112000000 011000000001112212000000 
000000002100210000102000 000000001122200022102000 001100001120011211102000 
000022110000000000000102 000000001120020000000102 002200001120011122000102 
000000000000000000111000 000000000000000000111000 oooooooooooooooooo111ooo 
ooooooooooooooooooooo111 000000000000000000000111 000000000000000000000111 
0: n3=4 
122121000000000000000000 
000022112100000000000000 
000000001100110011000000 
000000001112022111000000 
110000ooo000002212000000 
212100120000000000ooo000 
000011110011000000ooo000 
o22ooooooooooo1112oooooo 
000000002221100022102000 
0000ooo00000110022000102 
oooooooooooooooooo111ooo 
ooooooooooooooooooooo 111 
A.21. Code 22 
A,4 n3=4 Ai n3=4 A;D: n3=4 
100202001200100ooo000000 100102002020010000000000 100102002020010000000000 
010200201020100000000000 010100202002010000000000 010100202002010000000000 
001200021002100000000000 011000220002100000000000 002100012000210000000000 
0000100001111111100c!o000 00001oooo111110000000000 000010000111110000000000 
100001000000001111000000 100021000100002002000000 100101001000001001000000 
010000100000010111000000 010020100100000202ooo000 010100101000000101000000 
001000010000011011000000 001020010100000022000000 002100021000000021000000 
000100001000011101000000 00020ooo2000001112ooo000 000010000200002211000000 
000110002111022220102000 000210001211101110102000 000100000011102210102000 
000210001222022220000102 00022000111110222ooo0102 000000002011101120000102 
oooooooooooooooooo111ooo 000000000000000000111000 000000000000000000111000 
000000000000000000000111 000000000000000000000111 000000000000000000000111 
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A:& n,=4 A,” n3=4 
100002000002211000000000 1000020000221100ooo00000 
010000200020211000000000 010ooo200202110000000000 
001000020022011000000000 002000010220110000000000 
000100001022201000000000 ooo100001222010000000000 
000010000122210000000000 000210001222100022000000 
100221001100000211000000 100201001000002020000000 
010220101100000121000000 010200101000ooo220000000 
001220011100000112000000 00200002000ooo1121000000 
00011ooo2200000111102000 000210001000001112102000 
00021000120000000ooo0102 000010000000002210000102 
000000000000000000111000 oooooooooooooooooo111ooo 
ooooooooooooooooooooo111 000000000000000000000111 
A.22. Code 23 
A: n,=4 A:D: n,=4 A,8 n,=4 
112122000000000000000000 012200021100000000000000 111220010200100100000000 
112000212000000000000000 oooo212211oooooooooooooo 110012120200100100000000 
120110220000000000000000 000000012212100000000000 121102200000000000000000 
002001001111220010000000 000000012200012100000000 220020020112100200000000 
002001001110012120000000 000000011011011000000000 220020020100212100000000 
000000000121102200000000 100100100100100100000000 110010011111111100000000 
111001001110010010000000 011011000000000011000000 001101100000000011000000 
000110110001101101000000 000ooo000011022012000000 000000000011022012000000 
001002002002222221102000 100000012200000ooo102000 110000002200000000102ooo 
001002002001121122000102 011022000000000000000102 220010011000100100000102 
oooooooooooOoooooo111ooo oooooooooooooooooo111ooo 000000000000000000111000 
000000000000000000000111 000000000000000000000111 000000ooooO0000000000111 
E: n,=4 Ah n3=4 
121122000000000000000000 121122oooooooooooooooooo 
121000122000000000000000 12100012200ooo0000000000 
110110110000000000000000 110110110000000000000000 
ooooooooo122121ooooooooo 001001001111220200000000 
00000ooo0122000121000000 001001001111111111000000 
00000000011011011ooo0000 000000000122200011000000 
121ooo000122000000000000 122001001110010200000000 
001001001001001001000000 00011022ooo0000012000000 
000110220000000ooo102000 002002002002221122102000 
000000000000110220000102 002002002001122111ooo102 
000000000000000000111000 000000000000000000111000 
ooooooooooooooooooooo111 000000000000000000000111 
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A.23. Code 24 
Af D: n,=4 Ai n,=4 
121020120000000000000000 0110022120ooo00000000000 
1101022200ooo00000000000 210102021000000000000000 
000000002010002112000000 220010211000000000000000 
000000000201001122000000 000000000011022120000000 
000000002200201011000ooo ooo000000210102021000000 
000000002100020121000000 000oooo00220010211000000 
100001122200002220000000 200000121210001110000000 
220012022000000211ooo000 110001201200000121000000 
1200010200ooo00000102000 200001222200001222102000 
110020200000000000000102 200001222100002111000102 
oooooooooooooooooo111ooo 000000000000000000111000 
000000000000000000000111 ooooooooooooooooooooo111 
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